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3.4 Further Trigonometry
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3.4.1The Unit Circle /

Your notes
Defining Sin, Cos and Tan
What s the unit circle?

= Theunit circleis a circle with radius Tand centre (O, O)
= Angles are always measured from the positive x-axis and turn:
= anticlockwise for positive angles
= clockwise for negative angles
= |tcanbeusedto calculate trig values as a coordinate point (x, y) on the circle
= Trigvalues canbe found by making aright triangle with the radius as the hypotenuse
= Where 8 is the angle measured anticlockwise from the positive x-axis
= The x-axis will always be adjacent to the angle, 6
s SOHCAHTOA can be used to find the values of sinB, cosB and tan6 easily
= Astheradiusislunit
= the x coordinate gives the value of cos@
= they coordinate gives the value of sin@®
= Astheoriginis one of the end points - dividing the y coordinate by the x coordinate gives the gradient
= the gradient of the line gives the value of tan®

TU
= |tallowsusto calculate sin, cos and tan forangles greater than 90° (E rad)
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TRIG VALUES CAN BE FOUND

Your notes
THE UNIT CIRCLE BY MAKING A RIGHT ANGLED
HAS RADIUS 4 4 TRIANGLE WITH THE RADIUS
(x,y)
D/
& e [ THE ANGLE IS
f i & MEASURED
AR ANTI-CLOCKWISE
(—10) 01Cost 1,00 % | FROM THE X-AXIS
’ IN EITHER RADIANS
OR DEGREES
(0,-1)
A x
Cosb= it
ANY POINT (x,y) ON THE | "YPOTENUSE OPPOSITE 5,
UNIT CIRCLE CAN BE 1 N Sinb= 7=~ =
FOUND USING (cosB, sinB)
) ] o0 vy
ADJACENT TanB=—1 =+
X
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@ Worked example
Your notes
The coordinates of a point on a unit circle, to 3 significant figures, are (0.629, 0.777). Find 8° to the

nearest degree.
2
We. know (393) = (cosB, sind)
(@629,077) 0
; CosB = 0629
y - Sin B = 03717
e ’ USM\S eiter Yakio :
B = cos™(0.629)
= 51.023...

O = 51° (neovest degree)
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Using The Unit Circle

What are the properties of the unit circle?

Tt
= Theunitcircle can be splitinto four quadrants at every 90° (3 rad)

= The first quadrantis forangles between O and 90°
= Allthree of SinB, Cosb and TanB8 are positive in this quadrant

Tt
= Thesecondquadrantisforangles between 90°and180° (E rad and Tt rad)
= SinBis positive in this quadrant
3n
= Thethird quadrantis forangles between180° and 270° (Tt rad and 7 )

= Tanbis positive in this quadrant

3n
= Thefourth quadrantis forangles between 270° and 360° ( radand 2Tt)

= CosBis positive in this quadrant

= Starting from the fourth quadrant (on the bottomright) and working anti-clockwise the positive
trig functions spell out CAST
= Thisiswhy itis often thought of as the CAST diagram
= You may have your own way of remembering this
= Apopularone starting from the first quadrant is All Students Take Calculus

= Tohelp picture this better try sketching all three trig graphs on one set of axes and look at which
graphs are positive in each 90° section

How is the unit circle used to find secondary solutions?

= Trigonometric functions have more than one input to each output
= Forexamplesin30°=sin150°=0.5
= This means that trigonometric equations have more than one solution
= Forexample both 30° and 150° satisfy the equationsinx=0.5
= Theunitcircle canbe usedto find all solutions to trigonometric equationsin a given interval
* Your calculator will only give you the first solution to a problem such as x = sin™/(0.5)
= Thissolutionis called the primary value
= However, due to the periodic nature of the trig functions there could be aninfinite number of
solutions
= Furthersolutions are called the secondary values
= Thisis why you will be given a domainin which your solutions should be found
= This could eitherbein degrees orinradians
= |fyouseeTttorsome multiple of mthen you must workinradians
= The following steps may help you use the unit circle to find secondary values
STEP 1: Draw the angle into the first quadrant using the x ory coordinate to help you

= |fyouareworking with sinx = k, draw the line from the origin to the circumference of the circle at the
point where the y coordinate is k
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= |fyouareworking with cos x =k, draw the line from the origin to the circumference of the circle at the
point where the x coordinate is k
= |f youare workingwith tan x = k, draw the line from the origin to the circumference of the circle such that
the gradient of the lineis k
= This will give you the angle which should be measured from the positive x-axis...
= . anticlockwise fora positive angle
= . clockwise foranegative angle
STEP 2: Draw the radius in the other quadrant which has the same...

= . x-coordinateif solvingcosx=k
= This will be the quadrant whichis vertical to the original quadrant
= .. y-coordinateif solvingsinx =k
= Thiswill be the quadrant whichis horizontal to the original quadrant
= . gradientif solvingtanx =k
= This will be the quadrant diagonal to the original quadrant
STEP 3: Work out the size of the second angle, measuring from the positive x-axis

= . anticlockwise forapositive angle
= . clockwise foranegative angle
= Youshouldlook at the givenrange of values to decide whetheryou need the negative or positive
angle
STEP 4: Add or subtract either 360° or 2rtradians to both values until you have all solutions in the required
range
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Sin6 =K Sin® IS POSITIVE IN THE Your notes
K TOP TWO QUADRANTS
SinB IS NEGATIVE IN THE
—K BOTTOM TWO QUADRANTS
CosB =K
CosB 1S NEGATIVE IN THE CosB IS POSITIVE IN THE
TWO LEFT QUADRANTS TWO RIGHT QUADRANTS
K K
TanB =K
GRADIENT = —K —_ T GRADIENT =K
tan® NEGATIVE tan® POSITIVE
tan® POSITIVE tan® NEGATIVE

O Examiner Tip

= Being able to sketch out the unit circle and remembering CAST can help you to find all solutions to
aprobleminanexam question
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@ Worked example

Given that one solution of cosf=0.8is 8= 0.6435radians correct to 4 decimal places, find all other
solutionsintherange -2m< 6 < 2m. Give your answers correct to 3 significant figures.

—

Pﬁmwﬂ

value Cosine is positive in

the first and fourth

cosine Cl,uao(mn{;s So dro\w
/posﬁl-.ive.

the ane‘e_ Leam the

hocizonkal axis in

o,_;g s 2T poth quadrants.

K Cosine.
positive

Primox& value =0.6435
US(/\S ol\'asmm, Secondaryy value = -0.6435

_ﬁ\ue,xcore, ol values are: 04435 £ 271N
ond —0.6435 ¥ 2N

Within Sivey\ domain : —-2T< B < 271

O = -5.64°, —0.644°, 0.644°, 5.6%
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3.4.2 Exact Values ,

Your notes
Trigonometry Exact Values
What are exact values in trigonometry?

= Forcertain angles the values of sin 6, cos 6 and tan 8 can be written exactly
= This meansusing fractions and surds
= Youshould be familiar with these values and be able to derive the values using geometry

= You are expected to know the exact values of sin, cos and tan for angles of 0°,30°, 45°,60°,90°,180°
and their multiples

nradians thisis 0, 6' 4’3’ >

= The exactvaluesyou are expected to know are here:

, TT and their multiples

DEGREES 0° 30° 45° 60° 90° 180° 360°
RADIANS 0] % I % % au 291
sin 0} % _‘,ij, 4_'% 1 0 0]
cos 1 ES 1,% % 0 -1 1
tan 0 % 1 N3 | UNDEFINED 0 0

How do | find the exact values of other angles?

= The exactvalues forsin and cos can be seen on the unit circle as the y and x coordinates respectively
= [fusing the coordinates onthe unit circle to memorise the exact values, remember that cos comes
before sin
= Theunitcircle canalso be used to find exact values of other angles using symmetry
= |fyouknow the exactvalue foranangle in the first quadrant you can draw the same angle from the x-
axis in any other quadrant to find otherangles
= Rememberthat the angles are measured anticlockwise from the positive x-axis
= Forexample if you know that the exact value foris 0.5
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= draw the angle 30° from the horizontal in the three other quadrants ‘/
= measuring from the positive x-axis you have the angles of 150°, 210° and 330°
= sinispositive inthe second quadrant so sin150° =0.5 Your notes

= sinisnegative in the third quadrant so sin210°=-0.5
= sinisnegativeinthe fourth quadrantsosin330°=-0.5
= |tisalsopossible to find the negative angles by measuring clockwise from the positive x-axis

= draw the angle 30° from the horizontal in the three other quadrants

= measuring clockwise from the positive x-axis you have the angles of -30°, -150°, -210° and -330°
= sinisnegativeinthe fourth quadrantsosin(-30°)=-0.5
= sinisnegativeinthe third quadrant sosin(-150°)=- 0.5
= sinis positiveinthe second quadrant so sin(-210°)=0.5
= sinis positive in the fourth quadrant so sin(-330°)=0.5

Ny
(0,1
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How are exact values in trigonometry derived? /

= There are two special right-triangles that can be used to derive all of the exact values you need to
know
= Consider aright-triangle with a hypotenuse of 2 units and a shorter side length of Tunit

= Using Pythagoras’ theorem the third side willbe+/ 3

Your notes

TT TU TU
= Theangleswillbe 3 radians (90°), ? radians (60°)and Z radians (30°)

= Using SOHCAHTOA gives...

n 3

. |
SRR
. Coslzi Cos£=—3
3 2 6 2

T 1L 1 v 3
= Tan— =4/3 Tan— =——=—"—
3 6 /3 3
= Consideranisosceles triangle with two equal side lengths (the opposite and adjacent) of 1unit

= Using Pythagoras’ theorem it will have a hypotenuse of 4/ 2
Tt
= Thetwo equalangleswillbe Z radians (45°)

= Using SOHCAHTOA gives...

i 1_«/3

= Sn— = —— =

TG
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ISOSCELES RIGHT-ANGLED TRIANGLE
WITH EQUAL SIDES LENGTH 1

- hF PYTHAGORAS’ THEOREM
HYPOTENUSE =2

/l
. 04-'1_
sin 45 = o
cos 45°=4—
P B
CALCULATOR ANSWER IS *5-
tan 45 =1 DO YOU KNOW WHY?

J3SIVNOILYY  HOLVYNIWONIO :HIMSNY

O Examiner Tip

= Youwillbe expected to be comfortable using exact trig values for certain angles but it can be easy
to muddle themup if youjust try to rememberthem from alist, sketch the triangles and trig graphs
onyour paper so that you can use them as many times as you need to during the exam!

Tt

Tt TU
= sketchthe trianglesforthe key angles 45°/Z, 30°/€ , 60°/?

T T
= sketchthe trig graphs forthe key angles 0°, 90°/7 , 180°/T[,270°/7 ,360°2TT
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@ Worked example ,

. . . . . . , , Your notes
Using an equilateral triangle of side length 2 units, derive the exact values for the sine, cosine and

T
tangentof —— and -

6 3

Use P tjthoxgoms' Theorem
% to ‘F\'(\ck o
2 0\?— - 27. _ l?—
o
=J3
2 x
2 2

| I
Usinj SOHCAH Tor

sn(B) =%  sa@)=LE
|
cos(F) =L  s(F)=7Z
L NS
klE)=7F wa(F)=F =38
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